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MODELING OF IRREVERSIBLE PROCESSES BY 

ANALOGY METHODS OF STATISTICAL MECHANICS 

G.  P .  Y a s n i k o v  UDC 536-12 

Analogies to s t a t i s t i ca l  mechanics  of a Gibbs ensemble  a r e  cons t ruc ted  on the bas i s  of the r e -  
f lection method for  d iss ipa t ive  m a c r o s c o p i c  p r o c e s s e s .  

The f o r m a l i s m  of c l a s s i ca l  and i r r e v e r s i b l e  the rmodynamics  can be used success fu l ly  to cons t ruc t  ma th -  
emat ica l  models  of a b road  c lass  of different  p r o c e s s e s ,  pa r t i cu la r ly  control  p r o c e s s e s  [ 1]. This is p r i m a r i l y  
due to the exis tence  of a profound analogy between the equations of a whole range  of dynamic s y s t e m s  and 
the rmodynamics .  The analogy between nonequi l ibr ium the rmodynamics  and analyt ical  mechanics  was analyzed 
in detail  in [2, 3], where it was shown that the rmodynamic  re la t ions  can be r e p r e s e n t e d  in the f o r m  of La -  
grange or  Hamilton equations.  The bas i s  for  this f o r m a l i s m  is an a r t i f ic ia l  method of introducing the so-caUed 
" m i r r o r  re f lec ted  s y s t e m "  with negat ive d iss ipat ion and dec reas ing  entropy [4].  

The Lagrangian  of the total sys t em,  including the or iginal  and re f l ec ted  pa r t s ,  can be r e p r e s e n t e d  in the 
fo rm 

= 7((@ ; ' ) - -  2~ R (:r ;,) + flZ-R*(/~?,2 x~)--f'(x?, x~). (J) 

Here  the functions K, V, R, R* a re  cons t ruc ted  on the bas t s  of specif ic  expres s ions  for  the kinetic and poten-  
ttal energ ies  and the d iss ipat ion function. 

By means  of [ 11 one can introduce the genera l ized  momenta  

0 ~  _ a /~  1 OR a ~  _ o R  1 OR* ( 2 )  
Pi - -  Ox~ o;c~ 20x~ ; p ? -  ax? Ox3 F 20x? 

and the Hamil tonian 

= plx~ + p~ x*-- ~ .  (3) 

Here  and below doubly repea ted  subsc r ip t s  imply summat ion .  F o r  an appropr i a t e  choice of the functions R and 
R*,  ~ is an in tegra l  of motion.  

For  a s y s t e m  of m a t e r i a l  points,  moving in a medium with a l inear  r e s i s t a n c e  law, the functions {1)-(3) 
a r e  [4] 

�9 1 . ,  1 �9 * 
~}~ = ai~x~xh - ~  rihx, xk-r r~hxixh - -  b~kx[~x~, (4) 
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1 1 

�9 1 , , - 1 
Pi =aik  x* - -  - ~  ri~x; , p~ =a~kxk+ ~-ri~x~. 

The mat r ix  e lements  aik, bik, r ik  a r e  the coefficients  of the quadra t ic  f o r m s  of the kinetic K = 1/2aik~i~:k and 
potential  V = 1/2bikXiX k energies ,  and the d iss ipat ive  function D = ~/2rikxi~k. 

The s a m e  f o r m a l i s m  can be used in nonequil ibr ium the rmodynamics  [2] .  F o r  a the rmodynamic  s y s t e m  
whose s ta te  is deser ibed  by the se t  of p a r a m e t e r s  {xi}, in the c a s e  of  pu re ly  d i ss ipa t ive  proee~sses (~ = 0) the 
functions (1)-(3) a r e  

_ 1 L~;' (~x~--x,*x~)--e,~x,*xh,  (6) 
. 

1 
,Td . . . .  2 g~hx~'x~" + 2gi~LkzLi~p~Pm, (7) 

1 1 . - t  | p,*= - ~  L~xk ,  p m = - - - ~ t ~ x ~ ,  (8) 

where gik a r e  the ma t r ix  e lements  of the coefficients  of the quadra t ic  fo rm,  being the s e r i e s  expansion of the 
entropy in deviations {x i } of the p a r a m e t e r s  f r o m  thei r  equi l ibr ium values ,  gik = O2S/0xi3xk - 

Using the Hamiltonian gd and (5), (7), one can wri te  the s y s t e m  of canonical  Hamil tonian equations 

/ ~ . _  0 ~  0 ~  . 0 ~  , x i =  ( 9 )  
' Ox~ ' x*=-5~-~*' p~ = Oxl apl 

In the p re sen t  work the Hamilton f o r m a l i s m  cons idered  above is  used  to cons t ruc t  the s ta t i s t i ca l  mechan-  
ics  of d iss ipat ive  s y s t e m s  and cor responding  analogies for  i r r e v e r s i b l e  the rmodynamic  p r o c e s s e s .  

Consider  the s ta t i s t ica l  ensemble  in the phase  space  of gene ra l i zed  coord ina tes  and momenta  x i, x~, Pi, , 
Pi of the total sys tem.  Due to the exis tence of re la t ion  (9) one can wr i te  the G i b b s - L i o u v i l l e  equation for  the 
distr ibution function F (x i, x~,  Pi, P~) in the f o r m  [5] 

OF 
- 7.F, (10) 

ot 

where i = ( -  1) t/2, and 

Op~ Ox~ Ox~ Op~ OPt Ox7 Ox~* Op* " (11) 

The nonsta t ionary  solution of Eq. (10) can be r e p r e s e n t e d  by  an e x p a n s i o n  o f  F in a Fou r i e r  s e r i e s  of 
eigenfunetions of the Liouville ope ra to r  L [5]. 

Standard calculat ions show that d F / d t  = 0, i .e. ,  F is an in tegra l  of  mot ion along the phase  t r a j ec to ry .  
For  s ta t ionary  ensembles  the Hamiltonian/Td (3), (7) is a l so  an in tegra l  o f  m o t i o n .  There fo re ,  according to the 
genera l  ideas of s ta t i s t ica l  physics  [6] the distr ibution function can be p r e s e n t e d  in the f o r m  

F = exp (a/78 -k c), (12) 

The constant  e is found f rom the normal iza t ion  condition, and a is  de t e rmined  by the specif ic  phys ica l  content 
of the problem.  

Thus, the function (12) is the analog of the Gibbs canonical  dis t r ibut ion,  and desc r ibe s  both the ensemble  
of mechanica l  pa r t i c le  s y s t e m s  in the p r e s enc e  of fr ict ion,  and the ensemble  of  the rmodynamic  s y s t e m s  under -  
going i r r e v e r s i b l e  p r o c e s s e s .  Various m e a n - s t a t i s t i c a l  quant i t ies  can be  ca lcula ted  on the bas i s  of the d i s t r i -  
bution function (12) by the appara tus  of s ta t i s t ica l  phys ics  [5].  Appl icat ion of the appara tus  of s ta t i s t i ca l  m e -  
chanics to ensembles  of mac roscop i c  thermodynamic  s y s t e m s  m a y  s e e m  ar t i f i c ia l  a t  f i r s t  glance.  It can be 
quite useful,  however,  in the ma themat i ca l  modeling of a wide c l a s s  of  technological  p r o c e s s e s ,  pa r t i cu l a r ly  
those used for  heterogeneous s y s t em s .  Various local f luctuations,  r e l a t ed  to the inhomogeneity of hydrody-  
namic ,  t empera tu re ,  and concentrat ion fields,  occur  in these  s y s t e m s .  This  is  p r e c i s e l y  re la ted  to the n e c e s -  
s i ty  of applying s ta t i s t ica l  methods [7]. 

As an example  of using the distr ibution function (12) fo r  a mechan ica l  d i ss ipa t ive  s y s t e m  we cons ider  
the ensemble  of local pulsat ing pa r t i c l e  motions of a suspended l aye r .  In the s t a t iona ry  r e g i m e  the pseudo-  
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fluidized diss ipat ing power  is compensa ted  by  the continuous energy supply f r o m  the mean  flow to l a r g e - s c a l e  
motions and fu r the r  to s m a l l - s c a l e  f luctuat ions a t  which the d iss ipa t ion  p r o c e s s  occurs .  

According to the method d i s cus sed  above we r ep l ace  the ca r ry ing  cu r ren t  of the assoc ia ted  sys tem.  
Since the pa r t i c l e  in te rac t ion  with the flow occu r s  a t  the par t i c le  sur face ,  we can put x i = x~ in Eqs. (1) - (5) .  
In this ease  the s y s t e m  becom es  se l f -osc i l l a t ing  o r  " q u a s i c o n s e r v a t i v e " .  Its Hamil tonian in a Car tes ian  co-  
ordinate  s y s t e m  equals,  accord ing  to (1),  (3),  and (5) 

/ 7 ~ = 2 H = 2 ( K - { - V ) = 2  -~m + V(x,...xr,) , (13) 

and the dis t r ibut ion function (12) is  

F = e x p  ~ H + F }  
0 , ( 14 )  

/ 

where H = K + V means  the total  pa r t i c l e  energy;  F = c0, 0 = - (2o0  -i, d is t r ibut ion p a r a m e t e r s ;  and Pi, p a r t i -  
cle momentum.  

Integrat ing (13) ove r  the spa t ia l  coord ina tes  x i and ove r  the veloci t ies  of all  pa r t i c l e s  except  one, we 
r each  a Maxwell d is t r ibut ion in o n e - p a r t i c l e  ve loc i t i es  

t z a v /  -- 20 J '  (15) 

which was used in constructing an approximate statistical theory of a suspended layer [8]. 

The Gibbs-Liouville Eq. (10) can be simplified in the case of purely dissipative processes, for which 
relations (6)-(8) occur. Since in this case there is no analog to kinetic energy (K = 0, K = 0), the generalized 
momenta are linear combinations of the generalized coordinates (8), and they can be eliminated, transforming 
from the distribution function F (xi, x~, Pi, Pi* ) to the distribution f(xi, x-*l) in space coordinates Formally L 
this can be obtained by integrating (I0) over momenta. Taking into account the obvious relation 

[(xl, x~) = S F(xi, x~}, p,, p~)dFv, (16) 
~p 

where  d F p  = dp 1 . . .  dPndP~ , but  the in tegra t ion  is  p e r f o r m e d  over  the whole va r i ab le  range  Fp,  a f te r  s tandard  
t r ans fo rma t ions  [9] (10) acqu i res  the f o r m  

of + /c, of +. of 
a--f ~ ~ o~F~ = o. (17) 

Phenomenologieal  re la t ions  can  be  wr i t ten  down for  the quantit ies xi, k* 

x ~  = - -  L~Xk (x,. . .  x~), xt = L~kX~ (x?.. .  x*~), (18) 

where X k, X k play the ro le  of t he rmodynamic  fo rces .  The function f (xi, x i ) r e ta ins  the p r o p e r  W of in tegra l  of 
motion.  The solution of Eq. (17) can be  r e p r e s e n t e d  in the f o r m  

t 

+ S + (19) 
h i 0 

The constants  c k, a~ ~, a~ k a r e  de t e rmined  by the init ial  conditions and by the normal iza t ion .  It  is seen f r o m  
the solution (19) that for  the evoluUon t i m e  of  the dis t r ibut ion function a dis t inct ive r egu la r  r e g i m e  is poss ible ,  
for  which only one t e r m  is  impor t an t  in the s u m  ove r  k, s ta r t ing  at some  momen t  of t ime.  Besides ,  it is p o s s i -  

* of the re f lec ted  sys t em.  In analogy with (16) in tegrat ing over  ble,  in pr inciple ,  to e l iminate  the p a r a m e t e r  x i 
the region F x ,  of var ia t ion  of x~, we have 

t 

r ( x , )  = t(,,,, v)ar . = A 
IPx* /'~ i 0 

This function sa t i s f i es  the equation 

OF+:~ ,  o/ _ o. (21) 
at Ox~ 
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The l a t t e r  re la t ions  were  used to de sc r ibe  the evaporat ion p r o c e s s  of a po lyd i spe r se  s y s t e m  of drops  
[101. 

Consider  a s t a t ionary  solution of Eq. (17), Following [61, we introduce the genera t ing function of the 
total s y s t e m  

(22) 

Hence we find 

�9 Oq) _ L~Xi, = L~hgkzx~, xi = L~h OJc~ ~" 

�9 &P = L~aX~ = Likg~zx*. 

(23) 

By means  of (23) the s ta t ionary  equation (17) is t r a n s f o r m e d  to the fo rm 

Of af = 0. (24) 

We choose f(xi ,  x i ) in the f o r m  
C~ 

f (&, xi* ) = exp - ~  (--  Lihgh~xlxi + Lingkzx~ x*). (25) 

It sa t i s f i es  Eq. (24) if  S = 2qa = 0. The l a t t e r  condition is sa t is f ied,  s ince entropy product ion in the bas ie  
s y s t e m  is compensa ted  by its d e c r e a s e  in the re f lec ted  one. Integrat ing (25) ove r  the coordinates  of the r e -  
f leeted sys t em,  we obtain a dis t r ibut ion function for  the original  s y s t e m  

( 21 ~zLihgi~xhx~) = A exp (--  ~D (xi)), (26) f,(x)f = A exp k- -  

where D (x i) is the d iss ipa t ive  function. 

The s a m e  r e su l t  was obtained in [7] by the method of the ffaynes f o r m a l i s m  [7]. We note that (17) is a 
specia l  ease  of the continuity equation 

Of @ �9 0 . .  
Ot }- . . ~ ,  (&[) + ~ (x~ f) = O. (27) 

For  rea l  s y s t e m s  {x~ = 0) it  was used many  t imes  in the one-d imens iona l  ca se  to desc r ibe  the evolution of the 
dis tr ibut ion of po lyd i spe rse  s y s t e m s  ove r  the radius  in m a s s  exchange p r o c e s s e s  [10, 12, 13]. Effect ive  me th -  
ods of solving Eq. (27) with nonl inear i t ies  due to the kinet ic  p r o c e s s  were  developed in [12]. These  methods 
can a lso  be  used in solving the G i b b s - L i o u v i l l e  Eq. (10). The quantit ies ;:i f and x~f, appear ing  under  the di-  
ve rgence  sign, can be cons idered  as genera l ized  flows, obeying the phenomenologieal  laws [ 14]: 

J~ = xd  = - - L  a~(f) , j ?  -~x?f  = L 'a~([) (28) 
a& axy ' 

where It (f) is the chemical  potent ial  for  configurat ion f in phase  space.  Introducing the diffusion coefficient  D x. 

Ji = - -  L O~ Of D~ Of 
Of O& &~ ' 

(29) 

Of Ox~ -- D~ c)x* ' 

we t r a n s f o r m  (27) into a diffusion equation in phase  space  

O f - - D x (  02f O~f ) (30) 
at O&O& ax*ax~* " 

A s i m i l a r  equation for  rea l  s y s t e m s  is  used in analyzing random walk and in the theory of Brownian m o -  
tion [ 15]. 

If instead of D x one uses  the ope ra t o r  r ep resen ta t ion  of the diffusion coeff icient  I~ = D x (1 + �9 0/0t)-I [ 16 ], 
making it  poss ib le  to take into account  the p r e s e n c e  of some  additional re laxa t ion  p r o c e s s  in the sys t em,  in-  
s tead of (30) we obtain a diffusion equation of m o r e  genera l  form:  
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: ( 0 ) (  02r) 131t ofat + ~ a~fat 2 Dx 1 + ~ -  ax~ax~ ax.ax~. 
By the methods considered in [ 14] one can obtain analogies for the Fokker -P lanck  equations of rota-  

tional diffusion, and so on. 

Thus, the formalism considered in this paper can be useful in modeling a wide class of different macro-  
scopic processes.  

N O T A T I O N  

xl and xl, generalized coordinates of the m~ttal and reflected systems; K, V, R, R , functions appearing 
in the Langrangmn Z (1); Pi, Pi, generalized momenta; ~ ,  generahzed Hamlltoman; xi, x i , generalized velom- 
ties (flows); K, V, D, aik, bik, rik, kinetic and potential energies, the dissipative function and matrix elements 
of the corresponding quadratic forms; Lik, matrix, elements of the phenomenological cioefficients; S, system 
entropy; L, Liouville operator; F (x i, x i, Pi, Pi), distribution functions in the phase space of the appropriate 
variables; H, Hamiltonian of the mechanical conservative system; m, particle mass; ~o, generating function de- 
fined in (22); Ji, J~, thermodynamic flows; Dx, diffusion coefficient for phase space, T, relaxation time; *, con- 
jugate system; and. ,  time differentiation. 
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